Abstract. Let G be a finite group and let G be the set of elements of primary, biprimary and triprimary order of G. We prove the following statement: if the conjugacy class sizes of G are exactly ¹1; p a ; n; p a nº with .p; n/ D 1 and a > 0, then G is nilpotent and n D q b for some prime q. Some known results are generalized.
Introduction
It is well known that there is a strong relation between properties such as nilpotency of a finite group and the sizes of its conjugacy classes. The best known instance of this is Itô's result in [7] : he shows that if the sizes of the conjugacy classes of a group G are ¹1; mº, then G is nilpotent, m D p a for some prime p and G D P A, with P a Sylow p-subgroup of G and A Â Z.G/. There exist several other results establishing the nilpotency of a group under arithmetical conditions on its conjugacy class sizes. For example, Beltrán and Felipe prove in [2] and [3] that when the conjugacy class sizes of G are ¹1; p a ; n; p a nº with .p; n/ D 1 and a > 0, then G is nilpotent and n D q b for some prime q. Furthermore, in the same paper they prove that when the conjugacy class sizes of G are exactly ¹1; m; n; mnº with .m; n/ D 1, then G is also nilpotent and n D p a and m D q b for primes p and q. On the other hand, other authors replace conditions for all conjugacy classes by conditions referring to only some conjugacy classes. We say that a group element has primary, biprimary or triprimary order respectively if its order is divisible by at most one, two or three primes. In [9] we extend Itô's result by replacing conditions for all conjugacy classes by conditions referring only to some conjugacy classes. We show that if 1 and m > 1 are the only sizes of conjugacy classes of elements of primary and biprimary order of a group G, then G is nilpotent, m D p a for some prime p and G D P A, with P a Sylow p-subgroup of G and A Â Z.G/. In [10] we prove that if the conjugacy classes 662 Q. J. Kong sizes of elements of primary and biprimary order of G are exactly ¹1; p a ; n; p a nº with .p; n/ D 1, where p is a prime and a and n are positive integers, and if G has a p-element whose index is precisely p a , then G is nilpotent and n D q b for some prime q ¤ p. This result can be seen a partial extension of the above result of Beltrán and Felipe. In this paper, we will continue to focus our attention on conjugacy classes sizes of all elements of primary, biprimary and triprimary order of G and obtain a complete extension of the former result of Beltrán and Felipe. Our main result is the following:
Theorem A. Let G be a group and let G be the set of elements of primary, biprimary and triprimary order of G. Suppose that the conjugacy class sizes of elements of G are exactly ¹1; p a ; n; p a nº with .p; n/ D 1 and a > 0. Then G is nilpotent and n D q b for some prime q.
At present we cannot prove that G is nilpotent when the conjugacy class sizes of elements of primary, biprimary and triprimary order of G are exactly ¹1; m; n; mnº with .m; n/ D 1.
All groups considered in this paper are finite. If G is a group, then x G denotes the conjugacy class containing x and jx G j the size of x G . Following Baer [1] , we write Ind G .x/ for jx G j D jG W C G .x/j, the index of x in G. The rest of our notation and terminology is standard.
Basic definitions and preliminary results
In this section we state some lemmas which are useful for the proof of our main results. . Let G be a finite group and let p be a prime divisor of jGj. Then G has no p 0 -element of prime power order and index divisible by p if and only if G is a direct product of a p-group and a p 0 -group.
Lemma 2.4 ([6, Chapter 5, Theorem 3.4]).
Let A B be a group of automorphisms of the p-group P with A a p 0 -group and B a p-group. If A acts trivially on C P .B/, then A D 1.
Finite groups with four class sizes 663 Camina in [4] proves the following theorem: Let G be a group such that p a is the highest power of the prime p which divides the index of an element of G. If G has a p-element of index precisely p a , then G has a normal p-complement. We generalize this theorem as the following result.
Lemma 2.5. Let G be a group such that p a is the highest power of the prime p which divides the index of any element of primary or biprimary order of G. If G has a p-element x whose index is precisely p a , then G has a normal p-complement.
x/ be an r-element for some prime r with r ¤ p. Then xy is biprimary and, as x and y commute,
The main hypothesis implies that
Lemma 2.6 ([8, Theorem A]). Let G be a group and let G be the set of elements of primary, biprimary and triprimary order of G. If the conjugacy class sizes of elements of G are exactly ¹1; p a ; n; p a nº with .p; n/ D 1 and a > 0, then G is solvable. 
Proof of Theorem A
First, by Lemma 2.6, G is solvable. We denote by the set of primes dividing n. By Lemma 2.7, we can assume that the only primes dividing jGj are the primes in and the prime p. We will use several steps to finish the proof.
Step 1. We can assume that G has no abelian p-complements and if G has a normal p-complement, then G satisfies the conclusions of the theorem.
Assume that H is an abelian Hall -subgroup of G and thus any element of H has index 1 or p a in G. If H is a central subgroup, then n D 1 and this is not possible. Notice that by the primary decomposition we can assume without loss of generality that y is a q-element for some prime q 2 such that jy G j D p a . Now, if x is a q 0 -element of primary or biprimary order of C G .y/, then as
the index of x in C G .y/ must be 1 or n. We will prove that C G .y/ D H K y , where K y is a p-subgroup. We distinguish two cases. If one of all these indices is n then, as C G .y/ is a solvable group, we can apply Lemma 2.8 to obtain that n D q a r b , with r 2 a prime distinct from q, and C G .y/ D QR T , where Q and R are Sylow q-and r-subgroups of G, respectively, and T is abelian. Since the Hall -subgroups are abelian, we conclude that C G .y/ can be written as C G .y/ D H K y , where K y is a p-subgroup. In the other case, that is, when C G .xy/ D C G .y/ for every q 0 -element of primary or biprimary order x 2 C G .y/, the same result certainly follows.
Let us take an element z in G whose index is index p a n and write z D z z p for its primary decomposition. If z is non-central, then it has index p a and by the above paragraph we know that C G .z / D H K z , where H is an abelian Hall -subgroup of G. Since z p 2 C G .z /, we deduce that H Â C G .z/ which leads to a contradiction. Thus z p 0 can be assumed to be central in G and z can be replaced by z p . Now, we see that C G .z/ D K z V z , with V z an abelian -subgroup and K z a p-subgroup. This follows since if t is any -element of primary or biprimary order of
that is, t 2 Z.C G .z// and the assertion is proved. Suppose now that there exists some non-central element t 2 V z . By the primary decomposition we can assume without loss of generality that t has primary order. We know that t has index p a and, by the first paragraph, C G .t / D H K t with H an abelian Hall -subgroup of G and K t a p-subgroup, so z 2 K t and it follows that H Â C G .z/ which is a contradiction. Therefore V z D Z.G/ and in particular jG W Z.G/j D n.
We take a q-element y of index p a and we consider C G .y/ D H K y as in the first paragraph. If K y Â Z.G/, then jG W Z.G/j D p a n, which yields a conFinite groups with four class sizes 665 tradiction with the existence of elements of index p a n. Thus, if we take some non-central w 2 K y , then
and this implies that C G .w/ D C G .y/. On the other hand, let K be a Sylow p-sub-
Z.G/, as wanted. Now, if t has index n, by using the ¹p; º-decomposition of t, we can suppose that t is a p-element, which we see must lie in the center of some Sylow p-subgroup of G. This contradiction finishes the proof of the first part of the step. Now we assume that H is a normal p-complement of G. For every element x of primary or biprimary order of H we have
If jx G j D 1 or p a , then H Â C G .x/ and thus jx H j D 1. If jx G j D n or p a n, then the above equality along with the fact that jx H j divides jx G j (by Lemma 2.1) implies that jx H j D n. Therefore, any conjugacy class of p 0 -element of primary or biprimary order of G has length 1 or n. If these lengths are all equal to 1, then H is abelian; but we have just proved that this cannot happen. Thus by Lemma 2.8 we have n D p c q b for some prime q ¤ p. Since .p; n/ D 1, we must have n D q b and again by Lemma 2.8, we conclude that G is nilpotent. Thus the conclusions of the theorem follow.
Step 2. We may suppose that G has no p-elements of index p a . Consequently, there exists some p 0 -element of index p a .
If G has a p-element of index p a , then by Lemma 2.5 we get that G has a normal p-complement and the conclusions of the theorem hold by Step 1. In order to see the consequence in this step, it is enough to consider the decomposition of any element of index p a as a product of a p-element and a p 0 -element.
Step 3. We have n D q b or n D q b r c for some primes q, r distinct from p. Consequently, in the first case we can assume that G is a ¹p; qº-group, and in the second one that G is a ¹p; q; rº-group.
We can choose a p 0 -element, say y; of index p a by Step 2. Furthermore, considering the primary decomposition of y as a product of elements of prime-power order, we can immediately assume that y is a q-element for some prime q ¤ p. Now if we take a q 0 -element w of primary or biprimary order of C G .y/, we have that C G .wy/ D C G .w/ \ C G .y/ and that jC G .y/ W C G .w/ \ C G .y/j must be 1 or n. This proves that any q 0 -element w of primary or biprimary order of C G .y/ has index 1 or n in C G .y/, so we can apply Lemma 2.8 to conclude that n D q b r c ; with b; c > 0 and r some prime distinct from q, p (since .n; p/ D 1). Hence, the first assertion of this step follows. The second assertion follows by applying Lemma 2.7.
Step 4. Conclusion of the proof. By
Step 3 we know that G D G ;
and then we can finish our proof by [3, Theorem B] .
